SUMMARY

__XSP Technology. D L Childs

[XST _ETC5a: 12/04/05]

XST NOTES: Tuplesets, Tagged-Sets, Application, & Etc.

Following is as succinct as possible an introductiofupleset&nd their properties. A familiarity with XST concepts
is assumed. Only a brief collection of XST de nitions ne@yso support Tupleset de nitions will be given. The idea
presented here is that, armed with a well-behaved de nitbom-tuple (unavailable in CST, but well-de ned in XST),
a de nition for applicationcan be developed prior to de ning the conceptfafictionand that such a de nition can
support the concept aklf-applicatiorwhen applied to speci cally de ned sets. (The supplemenitais a preview
of de nitions for functionsandKategories)

1 PRELIMINARY DEFINITIONS

Extended setare collections de ned by a quali ed membership conditisvhen the quali cation iswull the extended
set membership condition is equivalent to a Classical setlmeship condition.

De nition 1.1 Set: Given the null set,, and the extended membership predicatehen:
Y isaset ! (9x;s)(x2_ Y )orY =

Notationally, XST sets are written as in CST except with supss onelement aof 2, in conditional statements, and
with superscripts on elements in extensional description$; y°; z°¢ g.

De nition 1.2 Membership Conventionx 2 Y $ (9s)(x 2.Y);
De nition 1.3 Scope Set:S(A) = fy¥: (9x)( x zyA )g:

De nition 1.4 Element Set: E(A) = f x*: (9y)( x zyA)g:
De nition 1.5 Scope Transform:A== = x': (9s) X2 A & s2,
EXAMPLES: faP;bB;cCg A B € 0== faX:p';cZg and z= = =
De nition 1.6 Element Projection:
SA)=x 0 (x 2 A &(8a)(azsA ! a=x)) or x =?; (? = undefined):
EXAMPLE: g (fa;bB;c“g)=b & g(faB;tB;ccg)=7:
De nition 1.7 Ordered Pair: <x;y > = fx!;y?q:
Consequence 1.1 ;(<x;y>)=x; and L(<x;y>)=1y:

De nition 1.8 n-Tuple: <X 1;Xp; Xy > = f xd; x5, :5x0 g
Note: (<X 1;X2;:5%Xn>) = Xx;; for1 i n
De nition 1.9 Tuple of Natural Numbers (1ton)N(n) = x*: njx2N& 1 x n .
De nition 1.10 Tuple of Natural Numbers (i+1 toi+n):N(n;i) = (x+i)*: iinjx 2N& 1 x n .

Note: N(n;0) = N(n) and N(4;6) = < 10;11;,12,13>:

De nition 1.11 Subsets:
A B | A B &AG6B; and A B | (8x;s) x2 Al x2B ;

A B | 6A B; and A B ( A B & B6 ! A6
De nition 1.12 Union: A[ B = f x¥ xzyA or xzyB o
De nition 1.13 Intersection: A\ B = f x¥ xzyA and xzyB (o)
De nition 1.14 Relative ComplementA s B = f x: xzyA & X 2/yBg:
De nition 1.15 Snet Restriction:
QjA = z": 9ajs a2z A & z2 Q & s\w " =w~"6 & a\z"=z76)

(0]
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De nition 1.16 Domain Extraction: D (Q) =  x5: (9z;w) z2 Q & x=2""6 & s=w~
EXAMPLES: Dia1c2q fat;bB;ccg = fal;c?g ;
D<3;1> <a;b;c><A;B;C> — <c;a><C;A> :
Digiazyswsurigng <abie>w'iz%e = <ga>tiwiwizte .
Denition1.17 Image:Q A = D (Qj A); ( =< 1; 2>):
1

Tuplesare sets having unique integer scopes from “1' to some “mmBby, a setx is considered to be a “tuple' iff
there exists an such that the scope setxfs equal to the set of natural numbers from 1 toire. 5(x) = N(n)] and
there are no duplicate scopesxinWhen the cardinality of the s&tis equal ton, # (x) = n; the setx is generally
referred to as am-tuple'.

De nition 1.18 Tuple: tup(x) = n #(xX)=n & S(x)= N(n) or n=0:
This de nition con nes tuples to be nite which is in keepingith the traditional use and intent of tuples.

De nition 1.19 Lazy Notation: tup(x1;:;Xp) = k =) (8)(1 i n)(tup(x;) = Kk):
De nition 1.20 Convention: tup(x) ( tup(x) > O:

De nition 1.21 Lazy Notation: tup(x1;:;x,) =)  (8i)(Q i n)(tup(x;)):

De nition 1.22 Tuple Notation: < x 1;Xp; i X > = f x1;x3;:5x0 o

De nition 1.23 Convention: Giverup(x) = n,thenforl i n ;(X) = X;.

EXAMPLE: tup( ) =2 =) 1= ()& 2= L)
De nition 1.24 Concatenation:x y =
n
Z:(9n;m) tup(x)= n&tup(y)=m& 1 i n! z= (x) & 1 i n m! z= , (y)

EXAMPLE: <X 1;:5,Xn > <Y1,:50Ym > = <X1;:5Xn Y1, 5 Ym >

Note: tup(x)=n & tup(y)=m ! tup(X y)= n+ m:
De nition 1.25 X = X = X
Assertion1.1 x y z = x (y z2) = (x vy) z:
De nition 1.26 Cartesian Product:A B = (x y)&D: (x 2 A &y2B & tup(x;y;s;t) :

2 TUPLESETS

Tuplesetsire sets of tuples with tuples as scopes such that both dne ehtme arity.

Denition 2.1 Tupleset: Tupset(A) (0 (8x;s) x2 Al (9n)(tup(x;s) = n) :

<A>

Examples 2.1 f <a;b><%%: <c> g; f <a;b;<c;d> ABC> g f <a<h <cxm> <fwvosize> o

Consequences 2.From De nitions:
(a) Tupset(A) & B A ! Tupset(B);
(b) Tupset(A) & Tupset(B) ! Tupset(A[ B):

De nition 2.2 Lazy Notation: Tupset(A1;:5;AR) 0 (8i1)(X i n)(Tupset(A;i)):
De nition 2.3 Tupleset DegreeTupset(A) =k (  (8%;s) x 2 Al tup(x;s) = k :
De nition 2.4 Lazy Notation: Tupset(A1;:5AR)=k ( (8) (1 i n)(Tupset(A;)= k):

Consequence 2.1 Tupset(Q)=n & A Q! Tupset(A)=n:

2.1 Tagged Sets:

The notatiorf y asserts thétis a tupleset, is a 2-tuple, and the image bunder is well de ned. The set is then
said to beaggedby .

De nition 2.5 Tagged Set:f( y (  (9n)(Tupset(f)=n) & tup( )=2 & (8g)(g f)(9%) gx 6



The notatiorf( y does not represent a set. The notafiop represents thbehaviorof the setf whentaggedby the
set : Nothing about the de nition of a tagged set precludes it flioaring bizarre behavior. Re nements on the type
of behavior are necessary in order to restrict the behawioohform to some accepted notion diumction The rst
step is to establish conditions under which two tagged sétibi the same behavior.

De nition 2.6 Behavioral Equivalence:f y = g¢y 0 8 fx =gx

The above equivalence does not assert a unique mathenid#dodty for set membership, but does assert a unique
mathematical identity for set behavior.

Consequence 2.2f y=9g(y ! D ,(f)=D ,(9) & D ,(f)=D ,(9):
Consequence 2.3f y=9(y & g(y=h¢y ! fy=h¢y:

Consequence 2.4Negative Properties:
@fHr=9y3 f=ga

Ex: f=f<ab;x>g;g=f<abw>g =< 1>< 2>:
df,=1f) 3 =

Ex: f = f<a;b><bja> g =< 1>< 2>; =< 2>< 1>
©fy=f(y &g f 5 g)=9y

Ex: f = f<a;b><bja> g g=f<ab>g =< 1>< 2>; =< 2>< 1>

dfy=9y&f2 A 5 g2 A:

Ex A =f<ab><" 2 g B=f<ha><?<"™gf2 A;&g2 B:

De nition 2.7 Null Behavior: f( y= 8x fx =

This paper distinguishes how a set behaves from the resyiteduced by its behavior. However, all de nitions are
required to be in terms of set membership. The following dgom of application(which unites the action de ned by
the behavior of a tagged set with the result set producedytsjrestricted use of the already de ned image operation
(Def. 1.17) to tuplesets.

De nition 2.8 Application: f y(x) = f x

An application dictates processhat produces a result set, when the process is applied tberset. It is important
to notice that the application of a tagged set produces alsiét &tagged set itself de nes a behavior of the set being
tagged, and does not de ne a speci ¢ set.

Observation: 'f( (x) 2 Q" makes mathematical sense, whil§ ) 2_Q' does not make mathematical sense. The
expressionf y(x)' de nes a set-membership condition, while the expressifin,' de nes a set-behavior.

Consequence 2.5Application Properties:
@ flg 0= f,0) [ 90y
(B FVg x)  FOH) N g)(x);
(@ f(Hy(x) s g¢)(x) fsg ()
Examples 2,2

0
Given: f = <a;x> #%  <by>®Y> s <cx> N
a) f, f<a>® g =f f<a>® g =f<x> ¥ g with =< 1>< 2>
()
b) fiy f<x> %" g =f f<x> % =f<a>® ;<c>® g with =<« 2>< 1>
) 9 g g
() f(y(f)=ff =f<xa> " ;<xc> 9" ;<yb>Y® g with =< L2>< 2,1>;

@ f fo(f) (= f tf f =

f<a; a> <AA>

s <a;c> <AA> ;<b;b><B;B> s <ca> <AA> s <c;c> <AA> g;
with =<« 1;2>< 2;1> & =<f2%3%g;< 1;4>>;

The last two examples above are instancesetffapplicationabout which more will be said subsequently.



De nition 2.9 Tagged Application:f( y(g)() = f()(9) ( ):

Notice thatg, y may or may not make sense, but whether or not it does is nafari¢o the de nition. Note also a
tagged applicatioproduces a tagged set, not a result set!

Consequence 2.6Natural Tagged Application Combinations: O-Intermedgate

@ fy(@H)x) = f()(9) ()(X) = fg x

Consequence 2.MNatural Tagged Application Combinations: 1-Intermediate

(@) foHras(@)H(x) = f) ae(9) ( )(X) = fag, x;
®) TH@e©@0OM = fO@ G@ K= fa g, x

Consequence 2.8Natural Tagged Application Combinations: 2-Intermedgate

(@) foHrasbw(@)H)(x) = f) as b(9) ( )(X) = fabg,, x;

® fHamO)o@OK) = fo) agb) (@) ()= fab, g, x;
© fOr@ebwm @) (X) = ()@ ¢ bw(9) ( )(X) = fa bg,  x;
(d) f()H @) (@) (x) = f() (@) () ,(9) ( )(X) = fa b g, x

Consequence 2.Natural Tagged Application Combinations: 3-Intermedgate

@ foHambwem @O (X) = fo) as by cwml@) ()= fabecg, o x;

(B frambm(©)w(@H(X) = f) as bule) ,(9) ( )(X) = fabc, g, X ;

© fOHasB)wewm @) = fy ag®d) ) cwl@) ()= Ffab, cg,  x;

(@ fHae ) (©m @09 = Ty ag®) (€)@ ()= fab, ¢ g, x;
@ fTOH@EPnmCm@ () = 1)@ ) bw €@ ()= fa beg,, o x;

(1) fOH@bon@m@OH ) = 1)@ ) bwle) (@ ()= fa bec g, x;
@ fOH@@O)ocm@OK) = @ () () cwl@ ()= fa b ocg,  x;
(h) f( (@) (b)) (S) () () H(X) = fy(@ 5 (0) (,(©) (@) ( )(x) = fa b_c, g, X

There are no caveats that preclude any of the above from tiggrgame tupleset in all variable locations. It would not
be surprising if such a substitution always yielded a nudute though it might be surprising that such a substitution
generally does not yield a null result. Consider the follogwexample for substitutionin 2.8(d) above.

Example 2.1 Sever Self-Application:
Let f = f<a;b;c;d>ABCD> + <w;x;y;z > WXYiZ> g with
=< 1>< 2;3,4;,1>; =< 4>< 2,34, 1>, = K 3> < 2;1>; then
fOMOE)OHE) = F<die>P S <ziy><5"> g
Collections of sets of like behavior can be achieved by iastg the types of tagged sets, by specifying the domain

of sets allowable for applications, and by delineating tirege of allowable sets produced. These collections will be
de ned asprocess spaces



3 SUPPLEMENT: (assuming a working de nition for applicati()n

n )
De nition 3.1 Total Domain: D (Q) =  x°: (9Kk)(Tupse( Q) = k) & (1 i k) & x2 D> (Q)

EXAMPLE: D f<a;b><AB> ;<xiy> XY> = f<a> A ;<ph><B> <x> ¥ <y> <Y g

3.1 Process Space:
Atagged setP, behaves asprocessfromA toB under ifandonlyif <P>2__ Prs(A;B), as de ned below.

De nition 3.2 Prs-Space:
Prs(A;B) = <P><> : Tupsef(A;B;P) & tup( )=2 & 1= ()& 2= () &

D (P) D (A[B)&D (P) A &D (P) B & (8x) P()(x) B

A processin XST is de ned in terms ofnputsandoutputs where the inputs are sets of n-tuples and the outputs are
sets of m-tuples. Though not essential, the above de nitvas chosen to precludmurceand terminal processes.
That is that neither the input domain nor output domain canude This de nition also asserts that every process on
A produces a non-empty result and that all results are conta&l

3.2 Process Composition:

Given that tagged sets de ne a process, under what conditian tagged sets be combined to de ne a composite
process? In most set theories, this is done (for functidnsligh the de nition ofcomposition

De nition 3.3 Composition: h¢y = gy fry 0 (8x) hx = gfx

Assertion 3.1 Associativity: h( ) g( ) f( y = h( ) (g( ) f( )) = (h( ) g( )) f( ):
Assertion 3.2 Substitution: h( y = g( ) f( ); g( y = j( ) & f( y = k( ) ! h( y = j( ) k( ):
Consequence 3.1 gy f() (x) = gfx = g¢) f(Hx) -

Consequence 3.2(g¢y f(y))jA = gy fjA )

Though these de nitions may make mathematical sense whendmpositions exists, they give no assurance that a
speci c composition will actually exist.

Assertion 3.3 (9x) g¢) f(H)(x) 6 =) D (f) D (9):

3.3 ldentity Process:
All Tuplesets have a unique property in that they can de redrtbwn identity process.
Denition 3.4 Tupset(A)=k =) @A = < N(k); N(k) >:
Denition 3.5 Tupset(A) =) Ia = A@a):
Consequences 3.1For Tupset(A) :
@ x A =) laX)=x
(b) <A> 2_ans Prs(A;A);
() 1a(A) = A:
Assertion 3.4 Forall <P>2__ Prs(Q;Q); Py = Py Iqg = lq Py

3.4 Normalized Process:

For any givenQ a process space can be arbitrarily large, since any speehalior can have an in nite number of
representations. The size of any given process space casdbeed to a minimum by excluding all but a unique
canonical representation for each unique behavior, if af@®such a unique representation exists. The next demitio
of anormalized proceswill provide such an existence.

De nition 3.6 Normalized Tagged Set: (f_ y) = g¢ 1y & Tupset(g) = tup( ,)+ tup( ,); with
b= < N(tup( ))iN(tup( ,)stup( L)) >

Consequence 3.3(f()) =goy =) g=fz":(9s)(x2 f & z=x717 x727 & w=s"17 s 27 ¢

Consequence 3.4 9g(y=fy 0 (9¢y)) = (fy):



4  XST FUNCTIONS

Atagged setf, behaves asfunctionfrom A toB under , writtenasf( ): A! B, iff <f>2__ F(A;B).

De nition 4.1 F -Space:
n 0
F(A;B) = <f> :<f> 2., Prs(A;B) & (8y) Sing(y) & f()(y) € I Sing f(y(y)

Three speci ¢ properties of functions combine to providghtiunique subsets of any givén-Space, some of which
are traditionally more interesting than others. They arg:ontg andone-to-one

De nition 4.2 F-Space ONA from A toB: F[A;B)= <f>Y :<f>2__ F(A;B)& D (F)=A

De nition 4.3 F-Space ONTOB from AtoB: F(A;B]= <f>< :<f>2__ F(A;B)& D (f)=B :

De nition 4.4 F-Space 1-1from AtoB: Fi(A;B)= <f>~ :<f>2__ F(A;B) & (8x)y)
Sing(x;y) & fx =fy 6 | x=y

For any givenA andB the setF (A ;B) , if non-empty, will be quite large, containing many diffatéagged sets,
many of which exhibit exactly the same behavior. Througioemalizatiorprocess, any -Space can be reduced to a
canonical set of functions, preserving all the behavioitheforiginalF -Space, but now with unique representatives.

De nition 4.5 Normalizedr -Space:
F (A;B) = <f> :(9¢g; N<g>2__ F(A;B) & fy=(g(y & =!1NH:
Consequences 4.F -Space Properties:
(@ <f>2__ F (A;B) & <g>2__ F (A/B) & f(,=9() =) f=g& =
(b F [A;B) F (A:B);
(9 F (A;B] F (A;B);
(d) F [A;B] F (A;B):

As can be seen from Figure 1, there are sixteen differensetasfF -Spaces. Eight of which are normalized, thus
giving unigque representation to speci ¢ behavior. Thoulitegght of these have CST equivalencies, only three are
generally of traditional interest.

De nition 4.6 Injective F-Space:F;[A;B):
De nition 4.7 Surjective F-Space:F (A;B]:
De nition 4.8 Bijective F-Space:F;[A;B]:
Consequences 4.5ubset Properties:For <f>2__ F(A;B) and g f;
(@ if fc)is Injective from A'! B;then g( ) is Injective from D (g)! B;
(b) if f()is surective from Al Bj;then g()is surective from Al D (9);
(o) if f()is Bijective from Al B; then g()is Biective from D (g)! D (9):
The following properties are only presented for the mosegaicases, the top node in Figure 1. These will all hold if
one adheres to any single node, but more complex resulteasraed when nodes are mixed.
Consequences 4.3 -Space Boolean Properties:
(@) F(A;B) Prs(A;B);
(b F[A;B) F (A:B);
(9 F(A;B] F (A;B);
(d) F[A;B] F (A;B);
(el F(A;B) F(C;D) 0 A C &B D;
(f) F(A;B) [F (C;D) F (A[ C;B[ D);
(9) F(A;B)\F (C;D) = F(A\ C;B\ D);
() FAsC;Bs D) F (A;B) s F(C;D):
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FIGURE 1: F-Spaces



S5 DF-DIAGRAMS & KATEGORIES

Diagrams are often used in mathematics to better conveyeptual relationships burred beneath arcane notation.
DF-Diagrams or Domain-Function diagrams, are intended to pictorialtywey certain interesting property pre-
serving relationships regarding the behavior of functiob§-Diagrams are intended to preserve all the interesting
properties conveyed by the arrow diagrams of Category yheor

After establishing the connection between DF-Diagramsthait equivalent set-theoretic interpretations, a deanit

of Kategoryas a speci c type of tupleset will be given that de nes a seblbjects and functions between these objects.
Kategories are intended to preserve the behavioral cleaistats of Categories. Whether or not this objective wél b
successful, remains to be seen.

2 o o) <f>2__ F[D (f)D ()]

b M o) <f> 2__ F[D (f):D (f)]

>

O @ =) <f>2__ F(A;B), A D (f); B D (f)

<)

d) 'ii - Ci. 5 <2, FIABL A=D () B=D ()
®)

le foy = f() Ia

5 <t>2__ F[A;B), A=D (f) D9
9r) <g>2_, Fi[B;A); B= Dy (9) D ()

f)
=) hoy =90 f¢y; D,(F)= D (9

5.1 Kategories

A Kategoryis a speci c type of tupleset that de nes a set of objects amttfions between these objects that preserve
the behavioral characteristics of a Category.

De nition 5.1 KompleteF -Space: K [A;B] = F [A;B] [ f <A><@A>. <B><@8> ¢

De nition 5.2 Kategory: Kat (Q) ( Tupset(Q)=1 &
(@ (8f; )(<f>2__ Q! <f>2__ K[Dl(f);D 2(f)]);
(b OKQ) = f<A><@ A >:(9x;s B) x2 Q & x2_ F [A;B][F [B;A]g

(o (8f;;9;!) <f>2__ Q & <g>2_  Q & (D ,(f)=D (9) !
Oh; ) hey=9¢0) f(y & <h>2__ Q)

(d) (8f; ) <f>2__ Q & A=D (f) & B=D (f) !

(lB f():f() IA&<A>2<@A>Q&<B>2<@B>Q):

Q= fx*:x2  K[A;B][K [B;C][K [A;C]g
A=D (f)=D (h)
5) B= D (9=D )
C= Di,@=D ,(h)
OhQ) = f<A><@A>. < B><@B>. cC><EC>g
lc h() la = ¢ g I f() N

Kat (Q)




5.2 Functors & Derived Functions

A Functor is de ned to be a Tupleset of degree 2 where the mesrdoe pairings of composable functions. Thus in
XST, a Functor is a binary function whose derived functioelsdve so as to be commensurate with Category theory.

De nition 5.3 Functor: Fntr (F) ( Tupset(F)=2 & Kat D_,.(F) & Kat D_, (F)

(8fi;git)(<fig>2_.,, F)! (<f>2__ F D (f;D (A & <g>2_, F [D: (9):D1,0)]) &
(9A;B)(<AB>2_gr.ga>F)& A=D ()& B=Di (9) o A=D (f)& B =D (9 &
f<fix > 1< gy > (< hiz>" g F & hig=9gm fa) ! zuw=Yoy X

De nition 5.4 Derived Functor Functions:

(@) SS(F) = f<x>Y: (9f;; g;! )(<f;g> 2.5 F & <x> 2<y>F [D 1(f);D!1(g)] o:
() TT(F)= f<x>Y: (9f;; g;! )(<f;g> 2., F & <x>2_ _F D ,(f);D1,(9)] o
(€) ST(F) = f<x>Y: (9f;; g;! )(<f;g> 2 .05 F & <x> 2<y>F [D ,(f);D:,(9)] g
(d) TS(F)= f<x>Y: (9f;; g;! )(<f;g> 2_.,, F & <x> 2<y>F [D ,(f);D: (9)] g
() SS''(F)= f<x>¥: (9f;; gi!)(<fig>2_, F & <x> 2., F D@D (g
) TT O (F)= f< x> (9f:: g:1)(<f:g> 2., F & <x>2_ F D (gD (g
) <y>
(@ ST "(F)=f<x>>":(9f; i git)(<fig>2_,, F & <x>2_  F [D:,(9):D (Mg
(n) TS''(F)= f<x>: (9f;; gi1)(<fig>2 ., F & <x>2_ _F Di (9D (N]g

(i) DF (F) = SS(F) [ TT(F) [ ST(F) [ TS(F):
() DF''(F) = ss' ') [ TT(F) [ sT '(F) [ Ts''(F):

Q = fx":x2 K[D (f);D ,(f)lg
R = fy':y2 K [D (9);D:,9)]g

=) <H>2_ F[QR]&Fnr(H)& H QR
DF (H)= f<s>®; <t>%¥: <u>®; <y>% g
Oty S = 90y V@ fy = tw fry = ug
Kat (Q); Kat(R); Kat(X)

<K>2<
<L>2
<

_FIX;Y]&Fntr(K) & K X Y
_F[Y;X]&Fntr(L) & L Y X

S= fx":x2 K[Dal(s);Da,s)]g
T = fy':y2 K [Dyp/(t);Dplt)]g
JEFIST] & Fnr(J) & J ST

DF(J)= f<f>> ; <g>® ; <u>¥; <w>® g

:) <J>2<!

to f() =ty We Sa@ = 9oy S@ = U
Kat (S); Kat(T); Kat(Y)




5.3 More Machinary

Additional operations and de nitions are required to supp®ategory theory capabilities in terms of XST. For
example, in Category theoryi-ntr (F) =) F(g f) = F(g) F(f): Tosupportthisconditionin XST requires
ade nitionfor F( y(g¢)):
De nition 5.5 Function Application: F( y(g@)) = h¢y 0 95, K)(kaiy = (g90y) ) &
(Ff<k>""g = f<j>""g & (joy = (h()) )
Note: 'l = < N(tup(!,));N(tup(!,);tup(!,)) >:

Assertion 5.1 Fntr (F) :) F(!) (g(! ) f( )) = F(!) (g(! )) F(!) (f( )):
Assertion 5.2 F( )(g(! )): h( ) & 9oy = f( ) & F( )(f( )): k( ) :) h( y = k( )

De nition 5.6 Domain Product: < f( y;g¢u)> = hg 11 ) where
h = f2V:(9sy;t)(x2 f & y20) & (x 1"=y"1"6 & s§:17=t7176)&
= = = =1

(z=x"17 x727 y'276 & v=g51" s 27 t72%)¢g with

Lt < N(tup( ,)); N(tup( ,)+ tup(!,);tup( ,)) >:

Assertion 5.3 < f( y;0u ) hey> = <fy;<guyhey>> = << fy;00)> hey>:

De nition 5.7 Relative Product: f. ' g="fz%: (tup(;! )=2) & ( Tupset(f;g)) &
(9%; a;y; b)(<x> 2. f & <y> 2, 0) &
(X*2"=y?1"6 & a2 =p':1"6)8&

(z=x"17 y'2"6 & s=a 1" b':"6) g

Note: ! I = < N(tup( ,));N(tup( ,);tup( ,)) >:
Conjecture 5.1 h(y= gy f(y =) h¢y= f. 'g TR =< N(tup( L)) N(tup(!,);tup( ) >:
. Ky o
.© =) heoy==21 94,y hoy=key foyr 9oy f)=?
he)
n
De nition 5.8 Domain Projected Function:( T)= <A;t>@ > :(9f<f;g;h>%"> g T)9x;a;y;b &
h
1) A=D 1(f); <X>2__ F [A;D,(0)]; <y>2_ . F [A;D ,(h)]; <t>2__ F [Dy,(9);D ,(h)]

or

i
2) A=D 2(f); <X>2__ F [A;D)(9)]; <y>2_ . F [A;D ,(h)]; <t>2__ F [Dy,9);D ,(h)]

b

&
o]

Yy = () X

Convention5.1 ( T)g(A) = ( T)y (A@a)):
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5.4 Natural Transformations

( ) - ) Kat (Q); Kat(R); Fntr (F); Fntr (G)
A= to) e .
F\\ <F>2<!>F [Q!R]a <G>2<!>F [Q!R]
0 D...(F) = D...(G)
Q Ify [TO 9¢) R | =) T=F G (M=t (T B)=1t%y
) golo — <T> 2_ >' FIQ R R] =<« 1><23»
X G Y ¢? <T> 2_ F [F; G, = « 1;2>< 1;3>»
@</ 1:O( 9 v Ty Foy(x) = G (x); = « 2>< 3>
\ ) (OB oy Folf) = Gulfc)) (T (A))
\_ Y t%o 9y = 9% t()
Following is a detailed example of a mappirig,, of A to B with a list reversal de ned b (y; Gy & T ).
a(!) / m ¢ \
a Fo A
> (T)z_, F [ONQ) R® RO
Q | (Ty Ty 0
=~ [T0) |9(!) R”= R s OQR)
AN B S N R
O
V\ b(') >(B t(l) aO(!) = tg) a(])
@g-\ R b% = t% bq
) b%y ®
- /
1) A = f<a>" 7;<b> ”;<c> 7 g B = f<fy(a> 7;<fy(h> 7;<fy(©> g
2) A" = f<a><P;<ph>?;<c>% g B = f<f)(@>P;<f (> ;<f,(0>>¢g
3) A" = f<a><3;<b>#;<c>P g B" = f<f,(@>%;<f,(H>Z;<f (> ¢
4) f = f<afy(@> * 7;<b;fi (B> * 7;<c;f((©> ¢
5) g = f<a; f( )(a)><1?1>;<b; f( )(b)><2;2>;<C; f( )(C)><3;3> 0 ! = <« 13< 2»
6) go = f <a; f( )(a)><3?3>;<b; f( )(b)><2;2>;<c; f( )(C)><l;l> 0, 10= « 1>< 2>
7) F = <f;g><?!> < AA ><@A?@A‘>;< B:B' >< @B;@B'>
8) G = <f:;g5! > <AA" >XOA@A> . < BB < @B;@B">
9) T = <f;g;g%5H ™:<AA;A" >XOAGAIEA"> . < B g'; B" >< @Bi@B";@B" >

10) (T)= <A;aa>0AL3; < Arpbs @22 < A ¢ e A3,
< B;f( )(a);f( )(a)><@B?1?3>;< B;f( )(b);f( )(b)><@B;2;2>;< B;f( )(C);f( )(C)><@B;3;l>
11) t = ( T)((A) = <aa> 13, <b;b>22"; <c;c> 31>
12) t%= ( T),(B) = <f(y(a);f()(@> 13 <fy(0);f )(D)>%2"<f y(c);f( )(c)>3P
13) a = f <aja>< ¥”;<b;b> 2>;<c;c>" ¥ g
14) a® = f <a;a>< ¥ ;<b;b> 2> ;<c;c> g
15) b = f <f(y(a);f ,(@)> ;<fy(b);f (B> 2;<f (c);f (> * ¢
16) b = f <f( )(a);f( )(a)>< ;3>;<f( )(b);f( )(b)>< ;2>;<f( )(C);f( )(C)>< 1> g
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6 CONJECTURES & QUESTIONS

Since Kategories and Functors are de ned as sets, underoghditions do set operations on Kategories and Functors
produce Kategories or Functors? Some conditions seem icolsisly obvious, others decptively obvious, some
highly contrived, while many legitimate constructions pably will not occur except to those highly familiar with
Category theory.

De nition 6.1 Power Kategory: PK (Q)= f <R>@>: R Q & Kat(R)g:

De nition 6.2 Power Functor: PF(F)= f <G>@>: G F & Fntr (G)g:

[XST _ETC5a: 12/04/05]
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